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Abstract: Following the membrane paradigm, we explore the effect of the gravitational
Θ-term on the behavior of the stretched horizon of a black hole in (3 + 1)-dimensions.
We reformulate the membrane paradigm from a quantum path-integral point of view
where we interpret the macroscopic properties of the horizon as effects of integrating
out the region inside the horizon. The gravitational Θ-term is a total derivative, how-
ever, using our framework we show that this term affects the transport properties of the
horizon. In particular, the horizon acquires a third order parity violating, dimensionless
transport coefficient which affects the way localized perturbations scramble on the hori-
zon. Then we consider a large-N gauge theory in (2 + 1)−dimensions which is dual to
an asymptotically AdS background in (3 + 1)−dimensional spacetime to show that the
Θ-term induces a non-trivial contact term in the energy-momentum tensor of the dual
theory. As a consequence, the dual gauge theory in the presence of the Θ-term acquires
the same third order parity violating transport coefficient.
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1 Introduction
Black holes are not only fascinating but they also provide us with a natural laboratory
to perform thought experiments to understand quantum gravity. String theory, Matrix
Theory [1], and the AdS/CFT correspondence [2], which are the only models of quantum
gravity over which we have mathematical control, have provided us with some insight
into different aspects of quantum gravity, e.g. the Bekenstein-Hawking entropy formula
for a large class of black holes. They also strongly indicate that black hole evolution
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as seen by an external observer is unitary. However, none of these models give us a
comprehensive microscopic description of the physics of black holes.
Historically the membrane paradigm [3, 4] has also been successful at providing us
with a powerful framework to study macroscopic properties of black hole horizons. In
astrophysics the membrane paradigm has been used extensively as an efficient compu-
tational tool to study phenomena in the vicinity of black holes (see [4–9] and references
therein). The membrane paradigm has also been able to provide crucial hints about
details of the microscopic physics of horizons. In particular, the membrane paradigm
predicts that black hole horizons are the fastest scramblers in nature. Fast-scrambling
strongly indicates that the microscopic description of scrambling of information on static
horizons must involve non-local degrees of freedom [10, 11]. In this paper, we will try
to understand the membrane paradigm from a quantum path-integral point of view.
We will interpret the macroscopic properties of the horizon as effects of integrating out
the region inside the horizon. The semi-classical approximation of this path-integral
approach is equivalent to the action formulation [12] of the conventional membrane
paradigm.
We are mainly interested in figuring out how total derivative terms can affect the
macroscopic properties of black hole horizons. Total derivative terms do not affect the
classical equations of motion and hence do not contribute even in perturbative quantum
field theory. However, it is well known that total derivative terms can have physical
effects, e.g. Lorentz and gauge invariance of Quantum chromodynamics (QCD) allow for
a CP-violating topological θQCD term which contributes to the electric dipole moment of
neutrons [13]. Similarly, the electrodynamics θ-term is also a total derivative, therefore,
does not contribute for perturbative quantum electrodynamics (QED). However, in the
presence of the electrodynamics θ-angle a black hole horizon behaves as a Hall conductor,
for an observer hovering outside [14]. As a consequence, the electrodynamics θ-angle
affects the way localized perturbations, created on the stretched horizon by dropping a
charged particle, fast scramble on the horizon [14]. Later it was also shown that in-falling
electric charges produce a non-trivial Berry phase in the QED wave function which can
have physical effects in the early universe [15].
Another example comes from gravity in (3 + 1)−dimensions, where the topological
Gauss-Bonnet term contributes a correction term to the entropy of a black hole which
is proportional to the Euler number of the horizon. One can show that this correction
term violates the second law of black hole thermodynamics and hence should be zero
[16–19]. In (3 + 1)−dimensions, there exists another total derivative term, a parity
violating gravitational Θ-term
SΘ =
Θ
8
∫
d4x µναβRτσµνR
σ
ταβ .
In this paper, we explore the effect of this Θ-term on black hole horizons. The membrane
paradigm tells us that for an outside observer a black hole horizon effectively behaves like
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a viscous Newtonian fluid. Using our framework, we will show that the gravitational Θ-
term affects the transport properties of the horizon fluid, in particular, the horizon fluid
acquires a third order parity violating, dimensionless transport coefficient, which we will
call ϑ. This indicates that the Θ-term will affect the way perturbations scramble on the
horizon. Specifically, we can perform a thought experiment, in which an outside observer
drops a massive particle onto the black hole and watches how the perturbation scrambles
on the black hole horizon. We will argue that the gravitational Θ-term, similar to the
electrodynamics θ-term, will also introduce vortices without changing the scrambling
time. This strongly suggests that in a sensible theory of quantum gravity the Θ-term
will play an important role, a claim that we will show is also supported by the AdS/CFT
correspondence.
The membrane paradigm has become even more relevant with the emergence of
holography [1, 2], a remarkable idea that connects two cornerstones of theoretical physics:
quantum gravity and gauge theory. The AdS/CFT correspondence [2], which is a con-
crete realization of this idea of holography, has successfully provided us with theoretical
control over a large class of strongly interacting field theories [2, 20–22]. This duality
enables us to compute observables of certain large-N gauge theories in d-dimensions by
performing some classical gravity calculations in (d + 1)-dimensions. Gravity duals of
these field theories at finite temperature contain black holes with horizons. It has been
shown that there is some connection between the low frequency limit of linear response
of a strongly coupled quantum field theory and the membrane paradigm fluid on the
black hole horizon of the dual gravity theory [23–27]. In this paper, we will consider
a large-N gauge theory in (2 + 1)−dimensions which is dual to a gravity theory in
(3 + 1)−dimensions with the gravitational Θ-term and figure out the effect of the parity
violating Θ-term on the dual field theory. A reasonable guess is that the boundary the-
ory, similar to the membrane paradigm fluid, will acquire the same third order parity
violating transport coefficient ϑ. We will confirm this guess by performing an explicit
computation.
It was argued in [28] that the two-point function of the energy-momentum tensor in
a (2 + 1)−dimensional conformal field theory can have a non-trivial contact term
〈Tij(x)Tmn(0)〉 = −i κg
192pi
[(
εiml∂
l
(
∂j∂n − ∂2δjn
)
+ (i↔ j))+ (m↔ n)] δ3(x) .
It is possible to shift κg by an integer by adding a gravitational Chern-Simons countert-
erm to the UV-Lagrangian and hence the integer part of κg is scheme-dependent. On the
other hand, the fractional part κg mod 1 does not depend on the short distance physics
and hence it is a meaningful physical observable in (2 + 1)−dimensional conformal field
theory [28]. We will argue that a gravity theory in AdS(3+1) with the gravitational
Θ-term is dual to a conformal field theory with non-vanishing κg, in particular
κg
96pi
= Θ
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which also suggests that only a fractional part of the Θ-term is a well-defined observable.1
The contact term κg is also related to the transport coefficient ϑ, which to our
knowledge has never been studied before. It is a parity violating third order2 transport
coefficient in (2+1)−dimensions and hence forbidden in a parity-invariant theory. Under
a small metric perturbation γAB around flat Minkwoski metric, it contributes to the
energy-momentum tensor in the following way:
T11 = −T22 = −ϑ∂
3γ12
∂t3
, T12 = T21 =
ϑ
2
(
∂3γ11
∂t3
− ∂
3γ22
∂t3
)
and hence ϑ contributes to the retarded Green’s function of the energy-momentum tensor
in order ω3:
GR12,11−22(ω,~k → 0) = −2iϑω3 .
ϑ is dimensionless and it does not affect the trace of the energy-momentum tensor. In (2+
1)−dimensional hydrodynamics, the Hall viscosity is another parity violating effect that
appears in the first order in derivative expansion. The Hall viscosity has been studied
extensively for both relativistic [30] and non-relativistic systems [31–33]. We believe
that ϑ is a third order cousin of Hall viscosity and hence it is also an example of Berry-
like transport [34]. We will show that for a holographic theory dual to asymptotically
AdS spacetime in (3 + 1)−dimensions: ϑ = Θ = κg/96pi. We will also speculate on the
possible covariant structure of the ϑ contribution to the energy-momentum tensor.
The rest of the paper is organized as follows. We start with a discussion of the
membrane paradigm in section 2. In section 3, we review the membrane paradigm for
the Einstein gravity. Then in section 4, we introduce gravitational Θ-term and discuss
its effect on the stretched horizon. In section 5, we discuss the effect of the Θ-term
in the context of the AdS/CFT correspondence and make some comments on the ϑ-
transport in section 6. Finally, we conclude in section 7. Some technical details have
been relegated to appendices A and B. For readers only interested in the effect of the
Θ-term in the context of the AdS/CFT correspondence, it is sufficient to read sections
5 and 6.
1This also suggests that Θ, in our normalization is not an angle. However, one can work in the
normalization in which the gravitational Θ-term takes the form
SΘ =
Θ
1536pi2
∫
d4x µναβRτσµνR
σ
ταβ .
In that case, adding an integer to κg changes the new Θ by an integer times 2pi and hence in the above
normalization Θ is an angle.
2Little is known about third-order transport coefficients in any dimensions. Very recently, third
order hydrodynamics for neutral fluids has been studied in (3 + 1)-dimensions [29].
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2 Integrating out inside: membrane paradigm
The membrane paradigm provides a simple formalism to study macroscopic properties
of horizons by replacing the true mathematical horizon by a stretched horizon, an effec-
tive time-like membrane located roughly one Planck length away from the true horizon.
Finiteness of the black hole entropy suggests that between the actual black hole horizon
and the stretched horizon, the effective number of degrees of freedom should be vanish-
ingly small. So, it is more natural as well as convenient to replace the true mathematical
horizon by a stretched horizon.
Predictions of the membrane paradigm are generally considered to be robust since
they depend on some very general assumptions:
• The effective number of degrees of freedom between the actual black hole horizon
and the stretched horizon are vanishingly small.
• Physics outside the black hole, classically must not be affected by the dynamics
inside the black hole.
In this section, we will try to reformulate the membrane paradigm from a quantum
path-integral point of view. Our goal is to interpret the macroscopic properties of the
stretched horizon as effects of integrating out the region inside the stretched horizon.3
We will not attempt to derive an effective action of the membrane, rather we will work
in the semi-classical approximation where a lot can be learnt even without knowing the
exact membrane effective action. However, our approach is somewhat similar to the
approach of [36] and it should be possible to derive a quantum mechanical version of the
membrane paradigm from our approach by following [36].
2.1 Fields in the black hole background
Let us first consider some fields in a black hole background. We will assume that the
back-reactions of the fields to the background is negligible. The action is given by
S[φI ] =
∫
dd+1x
√
gL(φI ,∇µφI) , (2.1)
where φI with I = 1, 2, ... stands for any fields. It is necessary to impose some boundary
conditions on the fields φI in order to obtain equations of motion by varying this action.
We will impose Dirichlet boundary conditions δφI = 0 at the boundary of space-time.
The stretched horizon M divides the whole space-time in regions:
A : outside the membrane M ,
B : inside the membrane M .
3A discussion on integrating out geometry in the context of the AdS/CFT correspondence can be
found in [35].
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The total quantum field theory partition function for fields φI is given by,
Z =
∫
D[φI ]eiS[φI ] . (2.2)
Now imagine an observer O who is hovering outside the horizon of a black hole.
Observer O has access only to the region outside the black hole. We can write down the
above partition function in the following way
Z =
∫
D[φBI ]D[φMI ]D[φAI ]eiSB [φI ]eiSA[φI ] . (2.3)
Where, we have written S[φI ] = SA[φI ] + SB[φI ]. In the path integral, we have decom-
posed every field φ such that φB is the the field inside the stretched horizon M, φA is
the the field outside the stretched horizon M and φM is the the field on the stretched
horizon M. Observer O has access only to the region outside the black hole and we
want to find out some effective action SO for the observer O. To that goal, we first fix
the values of all the fields φI with I = 1, 2, ... on M. Then in principle we can perform
the path integral
∫ D[φBI ]eiSB [φI ] ≡ z(φMI ). After performing the path integral over φBI ,
partition function (2.3) becomes,
Z =
∫
D[φMI ]D[φAI ]z(φMI )eiSA[φI ] . (2.4)
This partition function now depends only on quantities defined on or outside of the
stretched horizon M. The non-trivial function z(φMI ) contains information about the
inside. In practice, it is not possible to find z(φMI ) because that requires detailed knowl-
edge of the physics inside the black hole. Our goal is not to compute z(φMI ) exactly,
but to extract some information about z(φMI ) by demanding that the classical physics
outside the black hole horizon must not be affected by the dynamics inside the black
hole.
Let us now, re-write the partition function (2.4), in the following way:
ZO =
∫
A
D[φI ]ei(SA[φI ]+Ssurf [φI ]) , (2.5)
where, now fields φI ’s are defined only on or outside of the stretched horizon M and
z(φMI ) ≡ exp(iSsurf [φI ]). Observer O has access only to the region outside the black
hole and physics he observes, classically must not be affected by the dynamics inside
the black hole. That means observer O should be able to obtain the correct classical
equations of motion by varying action SO which is restricted only to the space-time
outside the black hole:
SO = SA[φI ] + Ssurf [φI ] . (2.6)
Note that Ssurf [φI ] 6= 0 because the boundary terms generated on M from SA are
in general non-vanishing. Surface terms Ssurf [φI ] obtained by integrating over fields
– 6 –
inside the stretched horizon must exactly cancel all these boundary terms. The fact
that the correct classical equations of motion can be obtained by varying only SO =
SA[φI ] +Ssurf [φI ], gives us certain information about Ssurf [φI ]. For the observer O, the
action SO for fields φI now have sources residing on the stretched horizon
SO =
∫
A
dd+1x
√−gL(φI ,∇µφI) +
∑
I
∫
M
ddx
√−h J IMφI (2.7)
where, h is the determinant of the induced metric on the stretched horizon M and we
have written
Ssurf [φI ] =
∑
I
∫
M
ddx
√−h J IMφI . (2.8)
It is important to note that one should interpret J IM as external sources such that
δJ IM
δφJ
= 0. Now demanding that we obtain correct classical equations of motion for fields
φI by varying SO, we obtain
J IM =
[
nµ
∂L
∂ (∇µφI)
]
M
(2.9)
where, nµ is the outward pointing normal vector to the time-like stretched horizon M
with nµn
µ = 1. The observer O can actually perform real experiments on the stretched
horizon M to measure the sources J IM.
2.2 Example: Electrodynamics θ-term and stretched horizon
Several examples of the action principle of the membrane paradigm can be found in [12].
However, we will focus on a particular example studied in [14] which shows that total
derivative terms can have important physical effects. The action for electromagnetic
fields with a θ-term in curved space-time in (3 + 1)−dimensions is
S =
∫ √
gd4x
[
−1
4
FµνF
µν + jµA
µ
]
+
θ
8
∫
d4xαβµνFαβFµν (2.10)
where, Fµν = ∂µAν−∂νAµ. Current jµ is conserved, i.e., ∇µjµ = 0.4 The electrodynam-
ics θ-term does not affect the classical equations of motion because it is a total derivative
and hence the equations of motion obtained from the action (2.10) is
∇µF µν = −jν . (2.11)
Field strength tensor Fµν also obeys ∂[µFνλ] = 0. Let us now write
θ
8
αβµνFαβFµν =
θ
4
√
gFµν ∗ F µν . (2.12)
4Our convention of the metric is that the Minkowski metric has signature (−+ ++).
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Our convention of the Levi-Civita tensor density αβµν is the following: 0123 = 1, 0123 =
−g. We will also assume that the conserved current jµ is contained inside the membrane
M and hence the observer O who has access only to the region outside the stretched
horizon does not see the current jµ. However, the observer will see a surface current J µM
on the membrane. Let us start with the action for the observer O
SO =
∫
A
√
gd4x
[
−1
4
FµνF
µν +
θ
4
Fµν ∗ F µν
]
+
∫
M
√−hd3xJM;µAµ . (2.13)
The action is invariant under the gauge transformation: Aµ → Aµ+∂µλ only if JM;µnµ =
0, where nµ is the outgoing unit normal vector on M. In order for the observer O to
recover the vacuum Maxwell’s equations, outside the horizon, the boundary terms on
M should cancel out and from equation (2.9) we obtain
J µM = (nνF µν − θ nν ∗ F µν) |M . (2.14)
Note that JM;µnµ = 0 and hence the action (2.13) is invariant under gauge transforma-
tions.
The electrodynamics θ-term is a total derivative, therefore, it does not contribute to
perturbative quantum electrodynamics (QED), which indicates that the effects of the θ
term in QED, if any, are non-perturbative and hence difficult to detect. But by coupling
this theory to gravity one finds that the θ-term can affect the electrical properties of
black hole horizons, in particular, black hole horizons behave as Hall conductors [14].
This strongly suggests that in a sensible quantum theory of black holes, a total derivative
term like electrodynamics θ-term can play important role.
The AdS/CFT correspondence which is one of the few models of quantum gravity
which is well understood also supports the above claim [14]. In particular, let us consider
U(1) gauge field in AdS-Schwarzschild in (3 + 1)−dimensions with the action
S =
∫
d4x
[
−
√
g
4g23+1
FµνF
µν +
θ
8
αβµνFαβFµν
]
. (2.15)
The U(1) gauge field in the bulk is dual to a conserved current ji in the boundary theory.
DC conductivities are given by σAB = i limω→0 limk→0GABR (k)/ω, where, G
AB
R (k) is the
retarded Green function of boundary current j and indices A,B = 1, 2 run over the
spatial directions of the boundary theory. The DC conductivity σAB of the strongly
coupled (2 + 1)−dimensional dual theory is given by [26]
σ11 = σ22 =
1
g23+1
, σ21 = −σ12 = θ (2.16)
and hence in the presence of the θ-term, the boundary theory has nonzero Hall conduc-
tivity.
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3 Membrane paradigm and gravity
First let us consider the Einstein-Hilbert action for gravity
SEH =
MP
2
2
∫
d4x
√−gR . (3.1)
A theory of gravity contains higher derivatives in the action and hence we should be
more careful. In order to obtain equations of motion by performing a variation of this
action, it is not sufficient to impose Dirichlet boundary conditions δgµν = 0 on the outer
boundary of space-time Σ. With the Dirichlet boundary conditions on Σ, variation of
the Einstein-Hilbert action gives rise to non-vanishing boundary terms. One solution is
to further impose ∇ρδgµν = 0 on Σ. However, it is more useful to modify the action
(3.1) by adding the standard Gibbons-Hawking-York boundary term to make the action
consistent with the Dirichlet boundary condition on the boundary Σ
S = SEH + SGHY (Σ) =
MP
2
2
∫
d4x
√−gR +MP2
∫
Σ
d3x
√
|h|K , (3.2)
where, K is the trace of the extrinsic curvature and h is the determinant of the induced
metric on Σ.
Let us again imagine a stretched horizon M that divides the whole space-time in
two regions
A : outside the membrane M ,
B : inside the membrane M
and an observer O who has access only to the region outside the stretched horizon. The
total quantum partition function can in principle be written in the following way
Z =
∫
D[gBµν ]D[gMµν ]D[gAµν ]eiSBeiSA . (3.3)
Where, we have written the total action S = SA + SB. Observer O has access only to
the region outside the black hole and we want to find out some effective action SO for
the observer O. Since, δSA 6=
∫
M(...)δgµν , one must divide the total action (3.2) in the
following way:
S = (SA − SGHY (M)) + (SB + SGHY (M)) (3.4)
because otherwise the action is non-differentiable with respect to the metric onM. The
path integral (3.3), can now be written as
Z =
∫
A+M
D[gMµν ]D[gAµν ]ei(SA−SGHY (M))
∫
B
D[gBµν ]ei(SB+SGHY (M)) . (3.5)
Now we first fix the metric onM and then in principle we can perform the path integral
on B. Performing this path integral exactly is an impossible task without the detailed
– 9 –
knowledge of the physics inside the black hole. But fortunately we do not need to
perform the path integral, instead we write∫
B
D[gBµν ]ei(SB+SGHY (M)) = eiSsurf (M) . (3.6)
Hence, the partition function (3.5) becomes,
ZO =
∫
A+M
D[gµν ]ei(SA−SGHY (M)+Ssurf (M)) , (3.7)
where, now the path integral is defined only on or outside of the stretched horizon M.
Observer O has access only to the region outside the black hole and physics he observes,
classically must not be affected by the dynamics inside the black hole. That means
observer O should be able to obtain the correct classical equations of motion by varying
action SO which is restricted only to the space-time outside the black hole, where,
SO =SEH + SGHY (Σ)− SGHY (M) + Ssurf (M) (3.8)
=
∫
A
d4x[
MP
2
2
√−gR] +MP2
∫
Σ
d3x
√
|h|K −MP2
∫
M
d3x
√
|h|K + Ssurf (M) .
Note that the sign of the SGHY (M) term is negative because we choose outward pointing
normal vector to be positive. Possibly, one can interpret the above action in the following
way. The observer O has two boundaries: outer space-time boundary Σ and another
boundary because of the membrane M and hence he needs the Gibbons-Hawking-York
boundary term for both Σ andM. The boundary conditions are fixed only at the outer
boundary Σ and the surface term Ssurf (M) is necessary to obtain the correct classical
equations of motion.
It is important to note that the division of the action (3.4) is not unique. We can
always add some intrinsic terms,
S = (SA − SGHY (M) + Si(M)) + (SB + SGHY (M)− Si(M)) , (3.9)
where,
Si(M) =
∫
M
d3x
√
hF (hij) . (3.10)
F (hij) can be any scalar intrinsic to M. Since, it’s an intrinsic term, now∫
B
D[gBµν ]ei(SB+SGHY (M)−Si(M)) = ei(Ssurf (M)−Si(M)) (3.11)
and hence SO does not depend on Si(M).
In the rest of the section, we will mainly review some known results of the membrane
paradigm. Experts can skip the rest of this section and move on to section 4.
– 10 –
3.1 Energy momentum tensor on the stretched horizon
Let us now consider variations of SEH and SGHY (Σ) with Dirichlet boundary conditions
on Σ
δ(SEH + SGHY (Σ)) =
MP
2
2
∫
A
d4x
[
δ
(√−ggµν)Rµν +√−ggµνδRµν]
=
MP
2
2
∫
A
d4x
√−g [Gµνδgµν +√−ggµνδRµν] ,
(3.12)
where Gµν = Rµν − 12gµνR is the Einstein tensor. The variation of the Ricci tensor is
given by,
gµνδRµν = −∇µ
[∇νδgµν − gανgµβ∇βδgαν] . (3.13)
Therefore,5
∫
A
d4x
√−ggµνδRµν =
∫
M
d3x
√
|h|nµgαν [∇αδgµν −∇µδgαν ]
=
∫
M
d3x
√
|h|nµhαν [∇αδgµν −∇µδgαν ] . (3.15)
nµ is the normal vector to the time-like surface M with nµnµ = 1. Note that there is a
negative sign because nµ is the outward pointing normal vector. h is the determinant of
the induced 3-metric on the membraneM. The induced 3-metric has been written as a
4-metric
hµν = gµν − nµnν (3.16)
that projects from the 4-dimensional space-time to the 3-dimensional membrane M.
The membrane extrinsic curvature is defined as
Kµν ≡ h αµ h βν ∇αnβ . (3.17)
Let us first note some of the properties of the extrinsic curvature tensor (3.17). One can
easily check that
Kµνn
µ = Kµνn
ν = 0 . (3.18)
One can also check that Kµν = Kνµ.
6
5Let us recall that the Gauss’ theorem in curved space-time is given by∫
V
√−gd4x∇µAµ =
∮
∂V
√
|h|d3xnµAµ , (3.14)
where h is the induced metric on the surface ∂V and nµ is the normal vector with nµn
µ = 1 (assuming
the surface is timelike).
6Note that the vector nµ is orthogonal to M and hence it obeys the hypersurface orthogonality
condition: n[µ∇νnλ] = 0.
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Let us now compute the variation of SGHY (M)
δSGHY (M) =MP2
∫
M
d3x δ(
√
|h|hµν∇µnν)
=MP
2
∫
M
√
|h|d3x
[
−1
2
hµνKδh
µν +
1
2
Kµνδh
µν +∇µcµ
]
+
1
2
MP
2
∫
M
d3x
√
|h|nµhαν [∇αδgµν −∇µδgαν ] , (3.19)
where,
cµ = δnµ − 1
2
nνδgµν . (3.20)
One can easily check that nµcµ = 0 and as a consequence
∇µcµ|M = D(3)i ci|M , (3.21)
where D
(3)
i is the covariant derivative in terms of the 3-dimensional induced metric
hij. Therefore, the term ∇µcµ in δSGHY (M) is a total derivative and hence does not
contribute. So, finally we obtain,
δ(SEH + SGHY (Σ)− δSGHY (M)) = MP
2
2
∫
A
d4x
√−gGµνδgµν
+
MP
2
2
∫
M
√
|h|d3x [hµνK −Kµν ] δhµν . (3.22)
Therefore all the terms in the second line should be cancelled by δSsurf . The membrane
energy-momentum tensor Tµν is defined in the standard way
δSsurf (M) = −δ(SEH + SGHY (Σ)− δSGHY (M)) = −1
2
∫
M
√
|h|d3xTµνδhµν . (3.23)
Therefore, finally we obtain
Tµν = MP2 [hµνK −Kµν ] |M . (3.24)
It is important to note that Tµνnµ = 0. This is the famous result that was originally
obtained in [3] from equations of motion and later in [12] from action formulation of
membrane paradigm.
3.2 Near horizon geometry
Now we will use equation (3.24) to review the claim that the stretched horizon behaves as
a viscous Newtonian fluid. For that we only need to know the near horizon geometry. Let
us denote the 3-dimensional absolute event horizon by H. We define a well-behaved time
coordinate t¯ on the horizon as well as spatial coordinates xA with A = 1, 2. Therefore
the event horizon H has coordinates xi ≡ (t¯, xA) with a metric hij. There exists a
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unique null generator lµ through each point on the horizon (in the absence of horizon
caustics). We can always choose coordinates xi ≡ (t¯, xA) such that
l =
∂
∂t¯
. (3.25)
Where we have chosen the spatial coordinates xA such that they comove with the horizon
generator l and h0A = 0. Note that
lµ∇µlν = gH lν , (3.26)
where gH is the surface gravity of the horizon H. We only restrict to the simpler case:
gH(t¯, x) =constant on the horizon H. For the case of constant and non-zero gH , the near
horizon geometry has the form (see appendix A for details)
ds2 = −r2 dt¯2 + 2r
gH
dt¯dr + γAB
(
dxA − Ω
A(t¯, x)
gH
r2dt¯
)(
dxB − Ω
B(t¯, x)
gH
r2dt¯
)
+O(r4)
(3.27)
where the horizon is at r = 0 and the induced spatial metric on a constant t¯ hypersurface
is γAB ≡ γAB(t¯, x, r). Let us also note that in comoving coordinates
∂γAB
∂t¯
= 2σHAB + θHγAB , (3.28)
where, horizon expansion θH and shear σ
H
AB are defined as
σHAB = θAB −
1
2
γABθH , (3.29)
θH = γ
ABθAB =
∂
∂t¯
ln
√
γ . (3.30)
θAB is the 2-dimensional covariant derivative (with metric γAB) of the horizon null
generator
θAB = D
(2)
A lB . (3.31)
We now have to choose a set of FIDO’s and a universal time. t¯ is not a good choice
for the universal time because surfaces of constant t¯ are null everywhere. However, there
is a preferred choice for the universal time t [3]
t = t¯− 1
gH
ln r . (3.32)
FIDO’s are chosen such that their world lines are orthogonal to constant t surfaces and
hence velocity 4-vector can be written as
U = −rdt = −rdt¯+ dr
gH
. (3.33)
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Therefore,
U r = 0 , U t¯ =
1
r
, UA = −Ω
Ar
gH
. (3.34)
Note that in the limit r → 0, these world lines approach the null generator of the horizon.
Let us now replace the actual horizon by a stretched horizon at r = . In the limit
→ 0, using the near horizon metric (3.27), components of the extrinsic curvature (3.17)
are given by (up to relevant orders in )
K00|M = −gH+O(3) , (3.35)
K0A|M = O() , (3.36)
KAB|M = 1

θAB +O() . (3.37)
Therefore, the trace is given by
K ≡ hijKij = 1

(gH + θH) +O() . (3.38)
3.3 Viscous Newtonian fluid
The energy-momentum tensor of a 3-dimensional viscous Newtonian fluid with pressure
p and energy density ρ is given by7
T ij = (ρ+ p)uiuj + phij − τ ij , (3.39)
where, ui is the fluid velocity and τ ij is the the dissipative part of the energy-momentum
tensor
τ ij = −P ikP jl [ηfkl + ζhklD(3)m um] , (3.40)
where P ij = hij + uiuj is the projection operator and
fkl = D
(3)
k ul +D
(3)
l uk − hklD(3)m um . (3.41)
η is the shear viscosity and ζ is the bulk viscosity. Therefore, we can write the full
energy-momentum tensor in the following way
T ij = ρuiuj + P ij
(
p− ζD(3)m um
)− ηP ikP jlfkl . (3.42)
Comparing the energy momentum tensor on the stretched horizon (3.24) with (3.42)
we obtain8
ρ = −MP
2

θH , p =
MP
2

gH , (3.43)
ζ = −MP
2
2
, η =
MP
2
2
. (3.44)
7Let us recall that indices i, j run over all the coordinates on the stretched horizon, whereas indices
A,B run over only the spatial coordinates on the stretched horizon.
8See appendix B for details. We will also provide an alternative derivation of these relations in
section 4.2.
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Stretched horizon of a black hole indeed behaves like a viscous Newtonian fluid. Few
comments are in order: both energy density and pressure diverge in the limit  → 0
because of the large blueshift factor near the horizon. It is more appropriate to define
renormalized energy density ρH = ρ and renormalized pressure pH = p which are
energy and pressure as measured at infinity [3]. One can check that for a Schwarzschild
or Kerr black hole θH = 0 and hence ρH = 0. Also note that the stretched horizon has
negative bulk viscosity. In ordinary fluid, negative bulk viscosity indicates instability,
however, it is alright for a horizon to have negative bulk viscosity. Negative bulk viscosity
of the horizon indicates that expansion of the horizon is acausal and one must impose
teleological boundary conditions [3, 4].
4 Gravitational Θ-term
In any sensible theory of quantum gravity, the Einstein-Hilbert action should be the
leading low energy term. However, it is expected that the low energy limit will also
generate higher derivative correction terms. The only ghost-free combination, in order
R2, is the Gauss-Bonnet term.9 Effects of the Gauss-Bonnet term on the stretched
horizon have already been studied in [39]. In (3 + 1)−dimensions, the Gauss-Bonnet
term is a total derivative and hence does not contribute to the equations of motion.
However, in the presence of this topological term the entropy of a black hole receives a
correction term proportional to the Euler number of the horizon. One can show that
this correction term violates the second law of black hole thermodynamics and hence
should be zero [16–19]. In (3 + 1)−dimensions, there can exist another total derivative
term, a parity violating gravitational Θ-term.10 We are interested in figuring out the
effects of this term on the stretched horizon which are forbidden in a parity-invariant
theory.
Let us now introduce the parity violating Θ-term to the (3+1)−dimensional gravity
action
S = SEH + SGHY + SΘ =
∫
d4x
√−g
(
MP
2
2
R +
Θ
4
R ∗R
)
+MP
2
∫
Σ
d3x
√
|h|K , (4.1)
where, Θ is a constant and the quantity R ∗R is the Chern-Pontryagin density which is
defined as
R ∗R = Rτσµν ∗Rσ µντ (4.2)
9If we allow higher derivative corrections then the Lanczos-Lovelock gravity is the unique extension
of the Einstein gravity with equations of motion containing only up to two time derivatives [37]. In
the Lanczos-Lovelock gravity, the Gauss-Bonnet term is the first (and in (3 + 1)−dimensions the only)
correction to the Einstein gravity. The membrane paradigm for the Lanczos-Lovelock gravity has been
studied in [38].
10Possibility of gravitationally induced CP-violation because of the Θ-term was already explored in
1980 [40].
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where
∗Rσ µντ ≡
1
2
eµναβRσταβ , (4.3)
and eµναβ is the Levi-Civita tensor.11 Unlike the Chern-Simons modified gravity dis-
cussed in [41, 42], we are interested in the constant Θ case because for constant Θ, the
Chern-Pontryagin density term is a total derivative. Applying the membrane paradigm
we will show that this total derivative term has non-trivial effect on the stretched hori-
zon.
We will impose the Dirichlet boundary conditions on the boundary of space-time Σ,
i.e. δgµν = 0 over the outer boundary of space-time. Variation of the Θ-term generates
boundary terms on Σ which do not vanish with the Dirichlet boundary conditions on
Σ. The action consistent with the Dirichlet boundary condition on the boundary is
obtained by adding a Gibbons-Hawking-York like boundary term for the Θ-term [43]
SbΘ = Θ
∫
Σ
d3x
√
|h|nαeαβγδK ρβ ∇γKδρ . (4.5)
The action (5.1) should now be replaced by the following action which is well behaved
with the Dirichlet boundary condition
S =
∫
d4x
√−g
(
MP
2
2
gµνRµν +
Θ
8
eµναβRτσµνR
σ
ταβ
)
+ SGHY (Σ) + SbΘ(Σ) . (4.6)
The Θ-term does not affect the classical equations of motion because it is a total deriva-
tive. However, similar to the electrodynamics θ-term [14], the gravitational Θ-term also
generates non-trivial boundary terms which can affect the dynamics of the stretched
horizon.
4.1 Energy-momentum tensor on the stretched horizon
Let us again imagine a stretched horizon M that divides the whole space-time in two
regions
A : outside the membrane M ,
B : inside the membrane M
and an observer O who has access only to the region outside the membrane. Following
the discussion of the previous section we can write down the path integral in the following
way
Z =
∫
A+M
D[gMµν ]D[gAµν ]ei(SA−SGHY (M)−SbΘ(M))
∫
B
D[gBµν ]ei(SB+SGHY (M)+SbΘ(M)) , (4.7)
11Levi-Civita tensor eµναβ is related to the Levi-Civita tensor density µναβ in the following way
eµναβ =
µναβ√
g
. (4.4)
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where, the total action (4.6) has been divided as S = SA + SB. Now we fix the metric
on M and then write the path integral on B as∫
B
D[gBµν ]ei(SB+SGHY (M)+SbΘ(M)) = eiS0(M) . (4.8)
Hence, the partition function (4.7) becomes,
ZO =
∫
A+M
D[gµν ]ei(SA−SbΘ(M)−SGHY (M)+S0(M)) , (4.9)
where, now the path integral is defined only on or outside of the stretched horizon M.
The physics outside the black hole classically must not be affected by the dynamics inside
the black hole. That means the observer O should be able to obtain the correct classical
equations of motion by varying action SO which is restricted only to the space-time
outside the black hole, where,12
SO =
∫
A
d4x
√−g
(
MP
2
2
gµνRµν +
Θ
8
eµναβRτσµνR
σ
ταβ
)
+MP
2
∫ Σ
M
d3x
√
|h|K
+ Θ
∫ Σ
M
d3x
√
|h|nαeαβγδK ρβ ∇γKδρ + S0(M)
=SEH + SΘ + SGHY (Σ)− SGHY (M) + SbΘ(Σ)− SbΘ(M) + S0(M) . (4.10)
Before we proceed note that SΘ+SbΘ is equivalent to the three-dimensional gravitational
Chern-Simons term[43]∫
d4x
√−gΘ
4
R ∗R + Θ
∫
Σ
d3x
√
|h|nαeαβγδK ρβ ∇γKδρ
= Θ
∫
Σ
d3x
√
|h|eijk
[
1
2
γlim∂jγ
m
kl +
1
3
γlimγ
m
jpγ
p
kl
]
(4.11)
where
eijk ≡ nµeµijk . (4.12)
The three-dimensional action (4.11) is exactly the gravitational Chern-Simons action in
(2 + 1)-dimensions. Now the action for the observer O is
SO =
MP
2
2
∫
A
d4x
√−ggµνRµν +MP2
∫ Σ
M
d3x
√
|h|K
+ Θ
∫ Σ
M
d3x
√
|h|eijk
[
1
2
γlim∂jγ
m
kl +
1
3
γlimγ
m
jpγ
p
kl
]
+ S0(M) . (4.13)
Variation of the gravitational Chern-Simons action is well known
δ
∫ Σ
M
d3x
√
|h|eijk
[
1
2
γlim∂jγ
m
kl +
1
3
γlimγ
m
jpγ
p
kl
]
= −
∫ Σ
M
d3x
√
|h|Cmnδhmn (4.14)
12Note that we are using the notation
∫ Σ
M d
3x
√|h|K = ∫
Σ
d3x
√|h|K − ∫M d3x√|h|K.
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where Cmn is the Cotton-York tensor
Cmn = −e
ijk
2
[
hmkD
(3)
i R
(3)
nj + hnkD
(3)
i R
(3)
mj
]
, (4.15)
where, R
(3)
ij is the Ricci tensor of the three-dimensional surface M (or Σ) and D(3)i
is the three-dimensional covariant derivative. The Cotton-York tensor Cmn is sym-
metric, traceless and covariantly conserved in three-dimensions. Therefore, the three-
dimensional stretched horizon energy-momentum tensor receives a correction because of
the gravitational Θ-term
Tij = MP2 [hijK −Kij] |M − 2ΘCij|M . (4.16)
4.2 Parity odd third order transport
We already know that a black hole horizon behaves like a fluid for an observer hovering
outside. In section (3.3), we have derived different first order transport coefficients of
this fluid for Einstein gravity. Let us now figure out how the Θ-term in (4.16) affects the
transport property of the fluid living on a stretched horizon. Transport coefficients are
the measure of the response of a fluid after hydrodynamic perturbations. For example,
one can disturb a hydrodynamic system by perturbing the background metric and then
observe the change in the energy momentum tensor of the fluid as a result of this
perturbation. In order to do that we will study linearized perturbation of the metric
near the horizon of a stationary black hole solution. Again we consider an observer
O hovering just outside a (3 + 1)−dimensional black hole. For such an observer, the
unperturbed near horizon metric is Rindler-like
ds2 = −r2 dt¯2 + 2r
gH
dt¯dr + dx21 + dx
2
2 . (4.17)
For the observer O, there is a horizon at the edge of the Rindler wedge r = 0. Note
that we are restricting to the case of constant gH on the horizon. Let us now perturb
the metric: gµν = g
0
µν + g
1
µν , where g
0
µν is the unperturbed metric (4.17). We perturb the
metric such that very close to the horizon only g1AB ≡ γAB(t¯, r, x1, x2) components are
non-zero
ds2 = −r2 dt¯2 + 2r
gH
dt¯dr + dx21 + dx
2
2 + γAB(t¯, r, x
1, x2)dxAdxB , (4.18)
where indices A,B = 1, 2 run over the transverse spatial directions. Let us now use
(4.16) to find out how the energy-momentum tensor of the horizon fluid responds to this
perturbation.
From equations (3.37) and (3.38), we find that the extrinsic curvature at the stretched
horizon (at r = ) in linear order in perturbations, is given by
KAB|M = 1
2
(
∂γAB
∂t¯
)
, K|M = 1

(
gH +
1
2
∂γ11
∂t¯
+
1
2
∂γ22
∂t¯
)
, (4.19)
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where, we have ignored terms with positive powers of . Similarly, we can calculate the
Cotton-York tensor (4.15) on the stretched horizon. In linear order in perturbations and
in the leading order in , we obtain
C11 = −C22 = 1
23
∂3γ12
∂t¯3
, (4.20)
C12 = C21 = − 1
43
(
∂3γ11
∂t¯3
− ∂
3γ22
∂t¯3
)
(4.21)
and all the other components vanish. Before we proceed, we want to note that the
Cotton-York tensor contains derivatives only with respect to the coordinates on the
stretched horizon. Hence, we do not need to solve the Einstein equations in order to
write down the Θ-contributions to the energy-momentum tensor in terms of quantities
intrinsic to the stretched horizon.
Let us now study the effect of the metric perturbation (4.18), order by order, on
the energy-momentum tensor on the stretched horizon. In the 0th order in derivative
expansion, from (4.16), we obtain
T00 = O(3) , TAB = MP
2gH

(δAB + γAB) . (4.22)
Comparing the 0th order energy-momentum tensor with that of an ideal fluid, we find
that energy density ρ = 0 and pressure p = MP
2gH/. The renormalized pressure which
is the pressure as measured at infinity, is given by pH = MP
2gH .
In the 1st order in derivative expansion, from (4.16) and (4.19), we obtain
T11 = MP
2
2
(
∂γ22
∂t¯
)
, T22 = MP
2
2
(
∂γ11
∂t¯
)
, (4.23)
T12 = T21 = −MP
2
2
(
∂γ12
∂t¯
)
. (4.24)
For a Newtonian viscous fluid in (2 + 1)−dimensions, in the 1st order in derivative
expansion, the energy momentum tensor has the form:
TAB = −η∂γAB
∂t
− ζδAB
(
∂γ11
∂t
+
∂γ22
∂t
)
, (4.25)
where we have assumed that the spatial part of the unperturbed metric is flat. Hence, the
stretched horizon, for an observer hovering outside, has shear viscosity η = MP
2/2 and
bulk viscosity ζ = −MP2/2, which agrees with (3.44). Note that the 1st order energy-
momentum tensor (4.23-4.24) diverges in the limit → 0 because of large blueshift factor
near the horizon. One should think of equations (4.23-4.24) as variations of the metric
on the stretched horizon with respect to time at infinity: t =  t¯.
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Energy-momentum tensor on the stretched horizon (4.16) does not contain any term
in the 2nd order in derivative expansion. However, from equations (4.20-4.21), it is clear
that the Θ-term contributes in the 3rd order in derivative expansion, yielding
T11 = −T22 = −Θ
3
∂3γ12
∂t¯3
, (4.26)
T12 = T21 = Θ
23
(
∂3γ11
∂t¯3
− ∂
3γ22
∂t¯3
)
. (4.27)
Let us now define a new third order, parity violating transport coefficient in (2 +
1)−dimensions ϑ which contributes to the energy-momentum tensor in the following
way13
T11 = −T22 = −ϑ∂
3γ12
∂t3
, (4.28)
T12 = T21 =
ϑ
2
(
∂3γ11
∂t3
− ∂
3γ22
∂t3
)
. (4.29)
Hence, the stretched horizon, for an observer hovering outside, has
ϑ = Θ . (4.30)
Note that this is not Hall viscosity but a third order cousin of Hall viscosity.14 The linear
response theory dictates that the retarded Green’s functions of the energy-momentum
tensor on the stretched horizon are
GR12,11(ω, k) = −GR12,22(ω, k) = −
iΘω3
3
, (4.33)
where, the presence of 1/3 factor is again a consequence of large blueshift near the
horizon. Therefore, the gravitational Θ-term affects the transport property of the
stretched horizon and in principle it can be found from the coefficient of the ω3 term of
GR12,11−22(ω, k).
4.3 Fast scrambling
We will end this section with a discussion of the effect of the gravitational Θ-term
on the way perturbations scramble on the horizon. The process by which a localized
13We will discuss about the transport coefficient ϑ in more details in section 6.
14Hall viscosity contributes in the first order in derivative expansion:
T11 = −T22 = −ηA ∂γ12
∂t
, (4.31)
T12 = T21 =
ηA
2
(
∂γ11
∂t
− ∂γ22
∂t
)
. (4.32)
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perturbation spreads out into the whole system is known as scrambling. In quantum
mechanics, information contained inside a small subsystem of a larger system is fully
scrambled when the small subsystem becomes entangled with the rest of the system and
after scrambling time ts the information can only be retrieved by examining practically
all the degrees of freedom. In a local quantum field theory, it is expected that the
scrambling time ts is at least as long as the diffusion time. Consequently, one can show
that the scrambling time for a strongly correlated quantum fluid in d-spatial dimensions
and at temperature T , satisfies
tsT ≥ c~S2/d , (4.34)
where c is some dimensionless constant and S is the total entropy. In [10, 11], it has
been argued that (4.34) is a universal bound on the scrambling time. Hence, it is indeed
remarkable, as shown in [10, 11], that information scrambles on black hole horizons
exponentially fast
tsT ≈ ~ lnS (4.35)
violating the bound (4.34). This unusual process is known as “fast-scrambling” and
it strongly suggests that the microscopic description of fast-scrambling on black hole
horizons must involve non-local degrees of freedom [10, 11]. It is now well known that
non-locality is indeed essential for fast scrambling [44–48] which is also supported by the
observation that non-local interactions can enhance the level of entanglement among
different degrees of freedom [51–53].
Recently it has been shown that in the presence of the electrodynamics θ-angle a
black hole horizon behaves as a Hall conductor, for an observer hovering outside [14].
As a consequence, the electrodynamics θ-angle affects the way localized perturbations
on the stretched horizon, created by dropping a charged particle, Hall-scramble on the
horizon [14].
In presence of the gravitational Θ-term, it is reasonable to expect a similar con-
clusion. We can perform a thought experiment, in which an outside observer drops a
massive particle onto the black hole and watches how the perturbation scrambles on
the black hole horizon. Equations (4.28-4.29) indicate that the gravitational Θ-term
will also affect the way perturbations scramble on the horizon, in particular, it will in-
troduce vortices without changing the scrambling time. This perhaps suggests that a
microscopic description of fast-scrambling needs to be able to explain the origin of this
effect.15 Following [14] it is possible to perform an explicit calculation for this effect but
we will not attempt it in this paper.
It is important to note that the Rindler approximation of the near horizon metric
(4.17) has a crucial limitation. In a Schwarzschild black hole, any freely falling object
will hit the singularity in finite proper time, the effect of which on the stretched horizon
15It will be very interesting to explore if microscopic models of fast-scrambling, such as [49, 50] can
be used to implement these parity violating scrambling processes.
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can not be analyzed in the near horizon approximation. However, one can argue that
when a massive particle hits the singularity, the spherical symmetry will be restored
[54]. This should not be surprising because an order one perturbation will decay to size
∼MP/m in one scrambling time ts, where m is the mass of the black hole [10]. Hence,
this should be the time scale for any classical fields on a spherically symmetric horizon
to become spherically symmetric.
5 Gauge/gravity duality
The AdS/CFT correspondence [2, 20–22] has successfully provided us with theoretical
control over a large class of strongly interacting field theories. It is indeed remarkable
that observables of certain large-N gauge theories in d-dimensions can be calculated by
performing some classical gravity computations in (d + 1)-dimensions. Gravity duals
of these field theories at finite temperature contain black holes, where the field theory
temperature is given by the Hawking temperature of black holes. It is well known that at
very long length scales the most dominant contributions to different non-local observables
come from the near horizon region of the dual black hole geometry [55, 56]. So, it is
not very surprising that there is some connection between the low energy hydrodynamic
description of a strongly coupled quantum field theory and the membrane paradigm fluid
on the black hole horizon of the dual gravity theory [23–27]. Long before the emergence of
gauge/gravity duality, it was shown that the membrane paradigm fluid on the stretched
horizon of a black hole has a shear viscosity to entropy density ratio of 1/4pi [3, 4]. Later
it was found that the shear viscosity to entropy density ratio of a gauge theory with a
gravity dual is indeed 1/4pi [24, 27]. Interestingly, the strong coupling physics of quark-
gluon plasma has been experimentally explored in the Relativistic Heavy Ion Collider
(RHIC), where the shear viscosity to entropy density has been measured to be close to
1/4pi. On the other hand, it is also known that there are membrane paradigm results
which differ from the AdS/CFT values. For example, the bulk viscosity of a conformal
fluid is exactly zero, whereas the membrane paradigm bulk viscosity is not only nonzero
but negative.16
5.1 Energy-momentum tensor
Let us now consider a large-N gauge theory in (2 + 1)−dimensions which is dual to a
gravity theory in (3 + 1)−dimensions with the gravitational Θ-term
S =
∫
d4x
√−g
[
MP
2
2
(
R− 6
L2
)
+
Θ
4
R ∗R
]
, (5.1)
16See [57] for another example when membrane paradigm is incomplete in the context of the AdS/CFT
correspondence.
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where, cosmological constant is −3/L2. Note that this is different from the case con-
sidered in [30], where Θ was dynamical.17 In the presence of a dynamical Θ(r), the
boundary theory exhibits Hall viscosity,18 where ηA is proportional to Θ
′(r) at the hori-
zon r = rH [30].
19 However, we are interested in the constant Θ case for which the
Θ-term is a total derivative and hence ηA = 0.
Now we figure out the effect of the parity violating Θ-term on the dual field theory.
A reasonable guess is that the boundary theory, similar to the membrane paradigm fluid,
will acquire the third order parity violating “Hall viscosity-like” transport coefficient ϑ as
defined in equations (4.28-4.29), with ϑ = Θ. We will confirm this guess by performing
an explicit computation. We will also show that in the presence of the gravitational
Θ-term, the two-point function of the energy-momentum tensor of the boundary theory
acquires a non-trivial contact term. The fractional part of this contact term does not
depend on the short distance physics and hence it is a meaningful physical observable
in (2 + 1)−dimensional conformal field theory.
The action (5.1) is not consistent with Dirichlet boundary condition, so we are
required to add boundary terms for the variational principle to be well defined
S =
∫
d4x
√−g
[
MP
2
2
(
R− 6
L2
)
+
Θ
4
R ∗R
]
+ SGHY + SbΘ + Sct . (5.3)
SbΘ is a Gibbons-Hawking-York like boundary term for the Θ-term, defined in equation
(4.5). Counterterm Sct that we need to add in order to get a finite boundary energy
momentum tensor [65, 66] is the constructed with quantities intrinsic to the boundary
geometry. For (3 + 1)−dimensions, Sct is given by [66]
Sct =
2MP
2
L
∫
d3x
√−h
(
1− L
2
4
R(3)
)
. (5.4)
We are mainly interested in the contribution of the Θ-term to the boundary energy
momentum tensor. From the membrane paradigm calculation (4.14), we already know
that
δ
(∫
d4x
√−gΘ
4
R ∗R + SbΘ
)
= −
∫
Σ
d3x
√
|h|Cmnδhmn (5.5)
17In [30], it was also assumed that Θ vanishes asymptotically.
18In (2+1) dimensions, the Hall viscosity contributes to the energy-momentum tensor in the first
order in derivative expansion
T ijH = −
ηA
2
(
eiklukf
j
l + e
jklukf
i
l
)
, (5.2)
where, ui is the fluid velocity, eikl is the Levi-Civita tensor and fkl = D
(3)
k ul +D
(3)
l uk − hklD(3)m um.
19Hall viscosity has been studied extensively in the context of Holography, e.g. see [58–64, 69]
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where Cmn is the Cotton-York tensor (4.15). Therefore, following [66], the Θ-term
contribution to the energy-momentum tensor of the dual field theory is given by20
TΘij = lim
rb→∞
(−2rbΘCij
L
)
boundary
, (5.6)
where, the boundary of the asymptotically AdS(3+1) is at r = rb.
21
5.2 Linearized perturbations
Let us now consider the asymptotically AdS(3+1) spacetime,
ds2 = 2H(r)dvdr − r
2
L2
f(r)dv2 +
r2
L2
(
dx21 + dx
2
2
)
. (5.7)
where, both f(r) and H(r) go to 1 near the boundary. One can easily check that for
this metric, R ∗R vanishes. Now we will perturb the metric in the following way,
ds2 = 2H(r)dvdr − r
2
L2
f(r)dv2 +
r2
L2
(
dx21 + dx
2
2
)
+
r2
L2
hABdx
AdxB , (5.8)
where A,B = 1, 2 and
h12(r, v) = h21(r, v) , h11(r, v) = −h22(r, v) . (5.9)
One can easily check that this set of perturbations decouple from the rest of the com-
ponents. Now using equation (5.6), we obtain the contribution of the Θ-term on the
energy-momentum tensor of the (2 + 1)−dimensional boundary theory
TΘ11 = −
Θ
f(rb)3/2
(
∂3h12
∂v3
)
boundary
, (5.10)
TΘ12 = T
Θ
21 =
Θ
2f(rb)3/2
(
∂3h11
∂v3
− ∂
3h22
∂v3
)
boundary
, (5.11)
TΘ22 =
Θ
f(rb)3/2
(
∂3h12
∂v3
)
boundary
. (5.12)
Note that we have obtained the energy-momentum tensor off-shell because we do not
need to solve the Einstein equations in order to write down the Θ-contributions to the
energy-momentum tensor.
20Similar observation was also made by [70].
21Note that in [67], authors constructed (3+1)−dimensional bulk geometries for which the boundary
Cotton-York tensor has the form of the energy momentum tensor of a perfect fluid. These solutions have
non-trivial boundary geometries which lead to interesting effects even in equilibrium. However, we are
interested in asymptotically AdS(3+1) spacetime where the Θ-term only affects the out of equilibrium
dynamics.
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Fluctuations of the boundary metric is given by: γAB = hAB(r = rb). In the
boundary theory, we are considering zero-momentum modes: γAB ∼ e−iωt, where at the
boundary v = t and hence
TΘ11 = −TΘ22 = −Θ
∂3γ12
∂t3
, TΘ12 = T
Θ
21 =
Θ
2
(
∂3γ11
∂t3
− ∂
3γ22
∂t3
)
. (5.13)
In the last equation, we have used the fact that both f(r) and H(r) go to 1 near
the boundary. Therefore, comparing equation (5.13) with (4.28-4.29), we find that the
(2 + 1)-dimensional boundary theory has a nonzero ϑ, in particular
ϑ = Θ , (5.14)
which agrees with the membrane paradigm result. Interestingly, for a holographic the-
ory ϑ is independent of the temperature. This is a consequence of the fact that the
Θ-contribution to the boundary theory energy-momentum tensor is always a local func-
tional of the boundary metric and does not depend on the interior geometry. This also
strongly indicates that the transport coefficient ϑ is completely independent of the quan-
tum state of the field theory. It is important to note that the most transport coefficients
make sense only at finite temperature and in the low frequency limit ω/T → 0. However,
this is not true for this new transport coefficient ϑ, which as we will show next arises
from a state-independent contact term in the energy-momentum tensor and hence in
some sense is only probing the physics of the vacuum.
5.3 Contact term in the two-point function
We now compute the two-point function of the energy-momentum tensor of a (2 +
1)−dimensional quantum field theory dual to a gravity theory in (3 + 1)−dimensions
with the gravitational Θ-term (5.1).22 We again consider asymptotically AdS(3+1) space-
time (5.7) and calculate the contribution of the Θ-term to the two-point function of the
energy-momentum tensor. We perturb the metric: gµν + δgµν , such that δgrr = δgri = 0
at the boundary. The on-shell action (SΘ + SbΘ) in the second order in metric pertur-
bations is obtained to be23
SΘ + SbΘ =
Θ
16
∫
d3p Tij;mnγij(p)γmn(−p) (5.15)
where, γij =
L2
r2
δgij is the boundary metric perturbation and
Tij;mn =
(
εimlp
l
(
pjpn − p2δjn
)
+ (i↔ j))+ (m↔ n) . (5.16)
22We are grateful to T. Hartman for a discussion that led to this subsection.
23In this subsection, we will be working in the Euclidean signature and we will use the convention
γij(x) =
1
(2pi)3/2
∫
d3k eip.xγij(p) for the Fourier transform.
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Following the AdS/CFT dictionary, we can obtain the two-point function of the bound-
ary energy-momentum tensor by varying the above quadratic action with respect to
γij:
〈Tij(p)Tmn(−p)〉Θ = Θ
2
Tij;mn . (5.17)
One can easily check that this gives rise to a conformally invariant contact term [28]
〈Tij(x)Tmn(0)〉Θ = −iΘ
2
[(
εiml∂
l
(
∂j∂n − ∂2δjn
)
+ (i↔ j))+ (m↔ n)] δ3(x) . (5.18)
It was shown in [28] that the two-point function of the energy-momentum tensor in
a (2 + 1)−dimensional conformal field theory must have the following form
〈Tij(p)Tmn(−p)〉 = − τg|p| (pijpmn + pimpjn + pjmpin) +
κg
192pi
Tij;mn , (5.19)
where, pij = (pipj − p2δij) and Tij;mn is given in (5.16). The term proportional to τg
controls the behavior of the correlation function at separated points, whereas, the term
proportional to κg leads to a pure contact term of the form (5.18). The coefficient
κg can take up any value, however, it is possible to shift κg → κg + δκg by adding
a gravitational Chern-Simons counterterm with coefficient δκg to the UV Lagrangian.
The gravitational Chern-Simons term, as argued in [28], is a valid counterterm only if
δκg is an integer. Therefore, the integer part of κg is scheme-dependent, however, the
fractional part κg mod 1 does not depend on the short distance physics and hence it
is a meaningful physical observable in (2 + 1)−dimensional conformal field theory [28].
By comparing, (5.19) with (5.17), we conclude that a gravity theory in AdS(3+1) with
the gravitational Θ-term is dual to a conformal field theory with non-vanishing κg, in
particular
κg
96pi
= Θ = ϑ . (5.20)
This also suggests that Θ can take up any value, however, only a fractional part of the
Θ-parameter is a well-defined observable. It is important to note that our result is a
nonlinear generalization of the contact term (5.18) and it is straight forward to obtain
the contribution of the Θ-term to the higher-point functions of the energy-momentum
tensor of the boundary field theory.
6 Some comments on the transport coefficient ϑ: Kubo formula
Before we conclude, let us make some comments on the transport coefficient ϑ. It is
a new third order, parity violating transport coefficient in (2 + 1)−dimensions which
under a small metric perturbation γAB around flat Minkwoski metric, contributes to the
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energy-momentum tensor (in the low momentum limit) in the following way:
T11 = −T22 = −ϑ∂
3γ12
∂t3
, (6.1)
T12 = T21 =
ϑ
2
(
∂3γ11
∂t3
− ∂
3γ22
∂t3
)
. (6.2)
Note that ϑ is dimensionless and it does not contribute to the trace of the energy-
momentum tensor. It is also related to the contact term κg, in particular ϑ = κg/96pi.
Very little is known about third-order transport coefficients in any dimensions and the
transport coefficient ϑ to our knowledge has never been studied before. This is a nice
example where gravity teaches us about a new hydrodynamic effect.
In (2 + 1)−dimensional hydrodynamics, parity violating effect can appear in the
first order in derivative expansion [68]. Hall viscosity is an example of such effect and it
has been studied for both relativistic [30, 69] and non-relativistic systems [31–33]. We
believe that ϑ is a third order cousin of Hall viscosity and hence it should also contribute
to Berry-like transport [34].
Let us now derive the Kubo formula for ϑ. First, note that [69]
〈Tij(x)〉γ = 〈Tij(x)〉γ=0 − 1
2
∫
d3x′GRij,kl(x, x
′)γkl(x′) +O(γ2) , (6.3)
where, i, j, k, l = 0, 1, 2 run over all the coordinates and GRij,kl(x, x
′) is the retarded
Green’s function of energy-momentum tensor
GRij,kl(x, x
′) = −iθ(t− t′)〈[Tij(x), Tkl(x′)]〉 . (6.4)
Similarly, one can define the retarded Green’s function in the momentum space simply
by performing a Fourier transformation
GRij,kl(ω,
~k) =
∫
d3xeiωt−i
~k.~xGRij,kl(x, 0) . (6.5)
Therefore, from (6.1-6.2), we find that ϑ contributes to the retarded Green’s function in
order ω3:
GR12,11−22(ω,~k → 0) = −2iϑω3 (6.6)
which gives the Kubo formula for ϑ. Note that the Kubo formula (6.6) can also be
derived directly from equation (5.19).
We end this section by commenting on the possible covariant structure of the ϑ-
contribution to the energy-momentum tensor. It is reasonable to guess that the ϑ-
contribution to the energy-momentum tensor in the Landau gauge has the following
form:
T ijϑ = −2ϑ
(
P ikP jlCkl − 1
2
P ijP klCkl
)
(6.7)
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with P ij = gij +uiuj, where gij is the (2 + 1)−dimensional metric. One can easily check
that the energy-momentum tensor (6.7) under a small metric perturbation γAB around
flat Minkwoski metric leads to (6.1-6.2) and hence will reproduce the retarded Green’s
function formula (6.6). It will be nice to derive (6.7) directly by using the formalism of
fluid/gravity correspondence, however we will not attempt it here.
7 Conclusions
We have shown that the gravitational Θ-term can have physical effect on the horizon
of a black hole in (3 + 1)-dimensions. In particular, in the presence of the Θ-term, the
horizon acquires a third order parity violating, dimensionless transport coefficient ϑ,
which affects the way localized perturbations scramble on the horizon. This strongly
suggests that a sensible theory of quantum gravity should be able to provide a micro-
scopic description of this effect. It will be very interesting to explore if the Θ-term has
any physical effect in the early universe.
In the context of the AdS/CFT correspondence, the gravitational Θ-term is dual to
field theories with non-vanishing contact terms of the energy-momentum tensor. As a
consequence, in the presence of the Θ-term the (2 + 1)−dimensional dual gauge theory
acquires the same third order parity violating transport coefficient ϑ. We have studied
various properties of this new transport coefficient ϑ. Historically, gauge/gravity duality
has played a significant role in hydrodynamics by discovering new universal effects [71–
73]. This is another nice example where gauge/gravity duality teaches us about a new
hydrodynamic effect. However, we would like to note that one could have found this hy-
drodynamic effect even without knowing anything about the AdS/CFT correspondence,
simply by studying the effect of the Θ-term on the stretched horizon.
It is important to note that our conclusion about the effect of the Θ-term on the
stretched horizon depends only on the near horizon geometry but not on the details of
the metric and hence it can easily be generalized for arbitrary cosmological horizons.
The AdS/CFT correspondence has taught us that the membrane paradigm fluid on the
black hole horizon and linear response of a strongly coupled quantum field theory in the
low frequency limit are related. However, it is not at all clear if this connection between
the membrane paradigm and holography goes beyond the AdS/CFT correspondence. In
particular, it will be extremely interesting to figure out if the same conclusion is true for
holographic models of cosmological spacetime.
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A Near horizon metric
We will denote the 3-dimensional absolute event horizon by H. We have defined a well-
behaved time coordinate t¯ on the horizon as well as spatial coordinates xA with A = 1, 2.
Therefore, the event horizon H has coordinates xi ≡ (t¯, xA) with a metric hij. We can
always choose coordinates xi ≡ (t¯, xA) such that null generator
l =
∂
∂t¯
. (A.1)
Where we have chosen the spatial coordinates xA such that they comove with the horizon
generator l and h0A = 0. The basis ei ≡ (l, eA) spans the horizon and l.eA = 0. The
induced spatial metric on a constant t¯ hypersurface is γAB. Following [3], let us now
introduce a future directed ingoing null vector kµ at each point on H which obeys
l.k = −1 , k.eA = 0 . (A.2)
There exists a unique congruence of null ingoing geodesics that are tangent to kµ on
the horizon. Horizon coordinates xi ≡ (t¯, xA) can be carried on these geodesics into
the near horizon region. We can use the affine parameter λ on the null geodesics as the
fourth coordinate, where on the horizon H
λ = 0 and k = − ∂
∂λ
. (A.3)
We will use these coordinates (λ, t¯, xA) to explore the near horizon region of a black
hole. Since kµ is tangent to affinely parametrized null geodesic, it obeys
kµ∇µkν = 0 (A.4)
and this equation leads to
∂λgµλ = 0. (A.5)
Therefore, gµλ are λ−independent and from equation (A.2) in this coordinate system we
obtain
gλλ = 0 , gλA = 0 , gt¯λ = 1 . (A.6)
On the horizon H: gt¯t¯ = gt¯A = 0. From the equation (3.26) one can easily show that
1
2
∂λgt¯t¯ = −gH (A.7)
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and hence near the horizon
gt¯t¯ = −2gHλ+O(λ2) , (A.8)
where, gH is the surface gravity defined by equation (3.26). Similarly, one can write
gt¯A = −2ΩA(t¯, x)λ+O(λ2) (A.9)
where ΩA(t¯, x) is the Hajicek field defined in the following way
ΩA = 〈dt¯,∇Al〉 . (A.10)
This quantity is related to the angular momentum of a black hole. Therefore, near the
horizon space-time metric has the following form
ds2 = −2gH(t¯, x)λ dt¯2 + 2dt¯dλ+ γAB(λ, t¯, x)
(
dxA − 2ΩA(t¯, x)λdt¯) (dxB − 2ΩB(t¯, x)λdt¯)
+O(λ2). (A.11)
We will now restrict to the simpler case: gH(t¯, x) =constant on the horizon H. For the
case of constant gH (and non-zero), we can define a new radial coordinate 2gHλ = r
2
and the near horizon geometry has the form
ds2 = −r2 dt¯2+ 2r
gH
dt¯dr+γAB(r, t¯, x)
(
dxA − Ω
A(t¯, x)
gH
r2dt¯
)(
dxB − Ω
B(t¯, x)
gH
r2dt¯
)
+O(r4)
(A.12)
where the horizon is at r = 0.
B Stretched horizon: transport coefficients
The fluid living on the stretched horizon is almost at rest in the comoving coordinates,
i.e.,
ut¯ =
1

, uA = O() . (B.1)
Therefore, ui = U i + O(), where Uµ is the velocity of the FIDOs. We can now easily
show that in the limit → 0
D
(3)
i u
i =
1

θH (B.2)
and
f00 = f0A = O() , fAB = 2

σHAB +O() . (B.3)
Let us now investigate the energy momentum tensor on the stretched horizon (3.24).
We can rewrite equation (3.24) in the following form
T ij =MP2
[(−K −Kklukul)uiuj + 1
2
(
K −Kklukul
)
P ij
]
M
+MP
2
[
1
2
KP ij −Kij + (Kklukul)(uiuj + 1
2
P ij
)]
M
. (B.4)
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Therefore, comparing equation (3.42) with the last equation, we obtain,
ρ = MP
2
[−K −Kklukul]M , (B.5)
p− ζD(3)m um = MP2
[
1
2
(
K −Kklukul
)]
M
, (B.6)
−ηP ikP jlfkl = MP2
[
1
2
KP ij −Kij + (Kklukul)(uiuj + 1
2
P ij
)]
M
. (B.7)
From equations (B.5) and (B.6), we can find out ρ, p and ζ easily. For η one needs to
look at the spatial components (i.e. (...)AB components) of equations (B.7). So finally
we obtain [3]
ρ = −MP
2

θH , (B.8)
p =
MP
2

gH , (B.9)
ζ = −MP
2
2
, (B.10)
η =
MP
2
2
. (B.11)
We provide an alternative derivation of these relations in section 4.2.
References
[1] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, “M theory as a matrix model: A
Conjecture,” Phys. Rev. D 55, 5112 (1997) [hep-th/9610043].
[2] J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,”
Adv. Theor. Math. Phys. 2, 231 (1998) [hep-th/9711200].
[3] R. H. Price and K. S. Thorne, “Membrane Viewpoint on Black Holes: Properties and
Evolution of the Stretched Horizon,” Phys. Rev. D 33, 915 (1986).
http://resolver.caltech.edu/CaltechAUTHORS:PRIprd86
[4] K. S. Thorne, R. H. Price and D. A. Macdonald, “Black Holes: The Membrane
Paradigm,” NEW HAVEN, USA: YALE UNIV. PR. (1986) 367p
[5] P. Anninos, D. Hobill, E. Seidel, L. Smarr and W. M. Suen, “The Headon collision of
two equal mass black holes,” Phys. Rev. D 52, 2044 (1995)
doi:10.1103/PhysRevD.52.2044 [gr-qc/9408041].
[6] J. Masso, E. Seidel, W. M. Suen and P. Walker, “Event horizons in numerical relativity
2.: Analyzing the horizon,” Phys. Rev. D 59, 064015 (1999)
doi:10.1103/PhysRevD.59.064015 [gr-qc/9804059].
[7] S. S. Komissarov, “Electrodynamics of black hole magnetospheres,” Mon. Not. Roy.
Astron. Soc. 350, 407 (2004) doi:10.1111/j.1365-2966.2004.07446.x [astro-ph/0402403].
– 31 –
[8] R. F. Penna, R. Narayan and A. Sadowski, “General Relativistic Magnetohydrodynamic
Simulations of Blandford-Znajek Jets and the Membrane Paradigm,” Mon. Not. Roy.
Astron. Soc. 436, 3741 (2013) doi:10.1093/mnras/stt1860 [arXiv:1307.4752
[astro-ph.HE]].
[9] R. F. Penna, “Energy extraction from boosted black holes: Penrose process, jets, and
the membrane at infinity,” Phys. Rev. D 91, no. 8, 084044 (2015)
doi:10.1103/PhysRevD.91.084044 [arXiv:1503.00728 [astro-ph.HE]].
[10] Y. Sekino and L. Susskind, “Fast Scramblers,” JHEP 0810, 065 (2008) [arXiv:0808.2096
[hep-th]].
[11] L. Susskind, “Addendum to Fast Scramblers,” arXiv:1101.6048 [hep-th].
[12] M. Parikh and F. Wilczek, “An Action for black hole membranes,” Phys. Rev. D 58,
064011 (1998) [gr-qc/9712077].
[13] R. J. Crewther, P. Di Vecchia, G. Veneziano and E. Witten, “Chiral Estimate of the
Electric Dipole Moment of the Neutron in Quantum Chromodynamics,” Phys. Lett. B
88, 123 (1979) [Erratum-ibid. B 91, 487 (1980)].
[14] W. Fischler and S. Kundu, “Hall Scrambling on Black Hole Horizon,” arXiv:1501.01316
[hep-th].
[15] T. Banks and W. Fischler, “CP Violation and Baryogenesis in the Presence of Black
Holes,” arXiv:1505.00472 [hep-th].
[16] T. Jacobson and R. C. Myers, “Black hole entropy and higher curvature interactions,”
Phys. Rev. Lett. 70, 3684 (1993) [hep-th/9305016].
[17] R. Olea, “Mass, angular momentum and thermodynamics in four-dimensional Kerr-AdS
black holes,” JHEP 0506, 023 (2005) doi:10.1088/1126-6708/2005/06/023
[hep-th/0504233].
[18] T. Liko, “Topological deformation of isolated horizons,” Phys. Rev. D 77, 064004 (2008)
[arXiv:0705.1518 [gr-qc]].
[19] S. Sarkar and A. C. Wall, “Second Law Violations in Lovelock Gravity for Black Hole
Mergers,” Phys. Rev. D 83, 124048 (2011) [arXiv:1011.4988 [gr-qc]].
[20] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from
noncritical string theory,” Phys. Lett. B 428, 105 (1998) [hep-th/9802109].
[21] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253
(1998) [hep-th/9802150].
[22] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field
theories, string theory and gravity,” Phys. Rept. 323, 183 (2000) [hep-th/9905111].
[23] P. Kovtun, D. T. Son and A. O. Starinets, “Holography and hydrodynamics: Diffusion
on stretched horizons,” JHEP 0310, 064 (2003) [hep-th/0309213].
[24] P. Kovtun, D. T. Son and A. O. Starinets, “Viscosity in strongly interacting quantum
– 32 –
field theories from black hole physics,” Phys. Rev. Lett. 94, 111601 (2005)
[hep-th/0405231].
[25] D. T. Son and A. O. Starinets, “Viscosity, Black Holes, and Quantum Field Theory,”
Ann. Rev. Nucl. Part. Sci. 57, 95 (2007) [arXiv:0704.0240 [hep-th]].
[26] N. Iqbal and H. Liu, “Universality of the hydrodynamic limit in AdS/CFT and the
membrane paradigm,” Phys. Rev. D 79, 025023 (2009) [arXiv:0809.3808 [hep-th]].
[27] I. Bredberg, C. Keeler, V. Lysov and A. Strominger, “Wilsonian Approach to
Fluid/Gravity Duality,” JHEP 1103, 141 (2011) [arXiv:1006.1902 [hep-th]].
[28] C. Closset, T. T. Dumitrescu, G. Festuccia, Z. Komargodski and N. Seiberg,
“Comments on Chern-Simons Contact Terms in Three Dimensions,” JHEP 1209, 091
(2012) doi:10.1007/JHEP09(2012)091 [arXiv:1206.5218 [hep-th]].
[29] S. Grozdanov and N. Kaplis, “Constructing higher-order hydrodynamics: The third
order,” arXiv:1507.02461 [hep-th].
[30] O. Saremi and D. T. Son, “Hall viscosity from gauge/gravity duality,” JHEP 1204, 091
(2012) [arXiv:1103.4851 [hep-th]].
[31] J. E. Avron, R. Seiler and P. G. Zograf, “Viscosity of quantum Hall fluids,” Phys. Rev.
Lett. 75, 697 (1995).
[32] Avron, J. E. 1997, “Odd Viscosity” J. Stat. Phys. 92, 543-557, (1998)
arXiv:physics/9712050
[33] N. Read and E. H. Rezayi, “Hall viscosity, orbital spin, and geometry: paired
superfluids and quantum Hall systems,” Phys. Rev. B 84, 085316 (2011)
[arXiv:1008.0210 [cond-mat.mes-hall]].
[34] F. M. Haehl, R. Loganayagam and M. Rangamani, “The eightfold way to dissipation,”
Phys. Rev. Lett. 114, 201601 (2015) [arXiv:1412.1090 [hep-th]].
[35] T. Faulkner, H. Liu and M. Rangamani, “Integrating out geometry: Holographic
Wilsonian RG and the membrane paradigm,” JHEP 1108, 051 (2011)
doi:10.1007/JHEP08(2011)051 [arXiv:1010.4036 [hep-th]].
[36] S. Caron-Huot, P. M. Chesler and D. Teaney, “Fluctuation, dissipation, and
thermalization in non-equilibrium AdS5 black hole geometries,” Phys. Rev. D 84 (2011)
026012 doi:10.1103/PhysRevD.84.026012 [arXiv:1102.1073 [hep-th]].
[37] D. Lovelock, “The Einstein tensor and its generalizations,” J. Math. Phys. 12, 498
(1971).
[38] S. Kolekar and D. Kothawala, “Membrane Paradigm and Horizon Thermodynamics in
Lanczos-Lovelock gravity,” JHEP 1202, 006 (2012) [arXiv:1111.1242 [gr-qc]].
[39] T. Jacobson, A. Mohd and S. Sarkar, “The Membrane Paradigm for Gauss-Bonnet
gravity,” arXiv:1107.1260 [gr-qc].
[40] S. Deser, M. J. Duff and C. J. Isham, “Gravitationally Induced Cp Effects,” Phys. Lett.
B 93, 419 (1980). doi:10.1016/0370-2693(80)90356-1
– 33 –
[41] R. Jackiw and S. Y. Pi, “Chern-Simons modification of general relativity,” Phys. Rev. D
68, 104012 (2003) [gr-qc/0308071].
[42] S. Alexander and N. Yunes, “Chern-Simons Modified General Relativity,” Phys. Rept.
480, 1 (2009) [arXiv:0907.2562 [hep-th]].
[43] D. Grumiller, R. B. Mann and R. McNees, “Dirichlet boundary value problem for
Chern-Simons modified gravity,” Phys. Rev. D 78, 081502 (2008) [arXiv:0803.1485
[gr-qc]].
[44] C. Asplund, D. Berenstein and D. Trancanelli, “Evidence for fast thermalization in the
plane-wave matrix model,” Phys. Rev. Lett. 107, 171602 (2011) [arXiv:1104.5469
[hep-th]];
[45] N. Lashkari, D. Stanford, M. Hastings, T. Osborne and P. Hayden, “Towards the Fast
Scrambling Conjecture,” JHEP 1304, 022 (2013) [arXiv:1111.6580 [hep-th]];
[46] M. Edalati, W. Fischler, J. F. Pedraza and W. Tangarife Garcia, “Fast Scramblers and
Non-commutative Gauge Theories,” JHEP 1207, 043 (2012) [arXiv:1204.5748 [hep-th]];
[47] C. T. Asplund, D. Berenstein and E. Dzienkowski, “Large N classical dynamics of
holographic matrix models,” Phys. Rev. D 87, 084044 (2013) [arXiv:1211.3425 [hep-th]];
[48] L. Brady and V. Sahakian, “Scrambling with Matrix Black Holes,” Phys. Rev. D 88,
046003 (2013) [arXiv:1306.5200 [hep-th]].
[49] J. L. F. Barbon and J. M. Magan, “Fast Scramblers, Horizons and Expander Graphs,”
JHEP 1208, 016 (2012) doi:10.1007/JHEP08(2012)016 [arXiv:1204.6435 [hep-th]].
[50] J. L. F. Barbn and J. M. Magn, “Fast Scramblers And Ultrametric Black Hole
Horizons,” JHEP 1311, 163 (2013) doi:10.1007/JHEP11(2013)163 [arXiv:1306.3873
[hep-th]].
[51] J. L. F. Barbon and C. A. Fuertes, “Holographic entanglement entropy probes
(non)locality,” JHEP 0804, 096 (2008) [arXiv:0803.1928 [hep-th]];
[52] W. Fischler, A. Kundu and S. Kundu, “Holographic Entanglement in a
Noncommutative Gauge Theory,” JHEP 1401, 137 (2014) [arXiv:1307.2932 [hep-th]].
[53] J. L. Karczmarek and C. Rabideau, “Holographic entanglement entropy in nonlocal
theories,” arXiv:1307.3517 [hep-th].
[54] T. Banks, W. Fischler, S. Kundu and J. F. Pedraza, “Holographic Space-time and Black
Holes: Mirages As Alternate Reality,” arXiv:1401.3341 [hep-th].
[55] W. Fischler and S. Kundu, “Strongly Coupled Gauge Theories: High and Low
Temperature Behavior of Non-local Observables,” JHEP 1305, 098 (2013)
[arXiv:1212.2643 [hep-th]].
[56] W. Fischler, A. Kundu and S. Kundu, “Holographic Mutual Information at Finite
Temperature,” Phys. Rev. D 87, no. 12, 126012 (2013) [arXiv:1212.4764 [hep-th]].
[57] J. de Boer, M. P. Heller and N. Pinzani-Fokeeva, “Testing the membrane paradigm with
– 34 –
holography,” Phys. Rev. D 91, no. 2, 026006 (2015) doi:10.1103/PhysRevD.91.026006
[arXiv:1405.4243 [hep-th]].
[58] H. Liu, H. Ooguri and B. Stoica, “Hall Viscosity and Angular Momentum in Gapless
Holographic Models,” Phys. Rev. D 90, no. 8, 086007 (2014) [arXiv:1403.6047 [hep-th]].
[59] J. W. Chen, N. E. Lee, D. Maity and W. Y. Wen, “A Holographic Model For Hall
Viscosity,” Phys. Lett. B 713, 47 (2012) [arXiv:1110.0793 [hep-th]].
[60] J. W. Chen, S. H. Dai, N. E. Lee and D. Maity, “Novel Parity Violating Transport
Coefficients in 2+1 Dimensions from Holography,” JHEP 1209, 096 (2012)
[arXiv:1206.0850 [hep-th]].
[61] R. G. Cai, T. J. Li, Y. H. Qi and Y. L. Zhang, “Incompressible Navier-Stokes Equations
from Einstein Gravity with Chern-Simons Term,” Phys. Rev. D 86, 086008 (2012)
[arXiv:1208.0658 [hep-th]].
[62] D. C. Zou and B. Wang, “Holographic parity violating charged fluid dual to
Chern-Simons modified gravity,” Phys. Rev. D 89, no. 6, 064036 (2014)
[arXiv:1306.5486 [hep-th]].
[63] C. Wu, “Angular Momentum Generation from Holographic Chern-Simons Models,”
JHEP 1412, 090 (2014) [arXiv:1311.6368 [hep-th]].
[64] D. Roychowdhury, “Hall viscosity to entropy ratio in higher derivative theories,” JHEP
1410, 15 (2014) [arXiv:1408.5095 [hep-th]].
[65] M. Henningson and K. Skenderis, “The Holographic Weyl anomaly,” JHEP 9807, 023
(1998) [hep-th/9806087].
[66] V. Balasubramanian and P. Kraus, “A Stress tensor for Anti-de Sitter gravity,”
Commun. Math. Phys. 208, 413 (1999) [hep-th/9902121].
[67] A. Mukhopadhyay, A. C. Petkou, P. M. Petropoulos, V. Pozzoli and K. Siampos,
“Holographic perfect fluidity, Cotton energy-momentum duality and transport
properties,” JHEP 1404, 136 (2014) [arXiv:1309.2310 [hep-th]].
[68] K. Jensen, M. Kaminski, P. Kovtun, R. Meyer, A. Ritz and A. Yarom, “Parity-Violating
Hydrodynamics in 2+1 Dimensions,” JHEP 1205, 102 (2012) [arXiv:1112.4498 [hep-th]].
[69] D. T. Son and C. Wu, “Holographic Spontaneous Parity Breaking and Emergent Hall
Viscosity and Angular Momentum,” JHEP 1407, 076 (2014) [arXiv:1311.4882 [hep-th]].
[70] O. Miskovic and R. Olea, “Topological regularization and self-duality in
four-dimensional anti-de Sitter gravity,” Phys. Rev. D 79, 124020 (2009)
doi:10.1103/PhysRevD.79.124020 [arXiv:0902.2082 [hep-th]].
[71] S. Bhattacharyya, V. E. Hubeny, S. Minwalla and M. Rangamani, “Nonlinear Fluid
Dynamics from Gravity,” JHEP 0802, 045 (2008) [arXiv:0712.2456 [hep-th]].
[72] J. Erdmenger, M. Haack, M. Kaminski and A. Yarom, “Fluid dynamics of R-charged
black holes,” JHEP 0901, 055 (2009) [arXiv:0809.2488 [hep-th]].
– 35 –
[73] D. T. Son and P. Surowka, “Hydrodynamics with Triangle Anomalies,” Phys. Rev. Lett.
103, 191601 (2009) [arXiv:0906.5044 [hep-th]].
– 36 –
